Abstract -We consider the movement of Chaplygin sleigh on a plane that is a solid body with imposed nonholonomic constraint, which excludes the possibility of motions transversal to the constraint element ("knife-edge"), and complement the model with an attached mass, periodically oscillating relatively to the main platform of the sleigh. Numerical simulations indicate the occurrence of either unrestricted acceleration of the sleigh, or motions with bounded velocities and momenta, depending on parameters. We note the presence of phenomena characteristic to nonholonomic systems with complex dynamics; in particular, attractors occur responsible for chaotic motions. In addition, quasiperiodic regimes take place similar to those observed in conservative nonlinear dynamics.
Introduction. -Nonholonomic mechanical systems, where algebraic constraints imposed on dynamic variables involve generalized velocities, arise in the context of many problems of practical significance, for example, when considering mobile and flying vehicles, and appear as a subject of many theoretical studies [1] [2] [3] [4] [5] [6] . This respectable area of classic mechanics has recently acquired a new breath in connection with the robotics [7] [8] [9] [10] [11] . Nonholonomic models are simpler and more attractive for a researcher in comparison with alternative methods of description taking into account detailed analysis of friction effects, and at the same time they are informative, conveying basic properties of the mechanical motions correctly [12, 13] .
A famous and recognized paradigmatic model in nonholonomic mechanics is the Chaplygin sleigh [14, 15] . It is a solid body that moves on a horizontal plane provided that the translational velocity at some point of the sleigh is always oriented along a certain fixed direction relative to the body. This condition is a nonholonomic constraint imposed on the system, which can be provided with the help of a short "knife-edge" fixed on the sleigh. An alternative way of implementing such a constraint is using a trolley with a wheel pair and with other freely sliding supports [16] .
An accurate analytical study of the basic model of the Chaplygin sleigh using explicit quadratures was carried out in the 1930s by Carathéodory [15] . Various generalizations of the Chaplygin sleigh problem have been considered by many authors [17] [18] [19] [20] . In particular, motions of the sleigh in presence of constant forces [17] , with periodic pulsed kicks [18, 21] , and with periodic switching of location of the nonholonomic constraint [19] were studied. Also dynamics of the sleigh under action of random forces simulating a fluctuating continuous environment were also analyzed [20] . It turned out that in this case the sleigh shows a complicated wandering behavior, which, according to the authors, resembles random walks of bacterial cells with a certain diffusion component.
In the frame of a robotics problematic, it is of fundamental importance to consider the possibilities of organizing directed motions of devices on a plane or in a medium due to the presence of internal moving masses [7] [8] [9] [10] [11] . In particular, such problems are obviously interesting and informative in relation to objects described in the framework of nonholonomic mechanics.
In this paper we consider the motion of the Chaplygin sleigh supposing a periodic vibration of the attached internal mass relative to the main platform. Equations describing the dynamics of the corresponding nonholonomic system are formulated. Evolution in time of the momentum and the angular momentum of the body is described by the reduced set of equations (detached from the remaining set relating to the configuration space), and their variation during the period of internal mass motion OXY is a laboratory reference frame, and Rξη is a reference frame fixed relatively to the main platform of the sleigh. R is a point of the nonholonomic constraint application, which allows motions exclusively along the attached "knife-edge" indicated as a bold segment at R. C is the center of mass of the main platform separated from the knife-edge by a distance a. The moving material point of mass mp is forced to perform periodic oscillations of amplitude ε relatively to the main platform nearby a point of coordinate ξ = s in a direction orthogonal to the ξ-axis.
is determined by a two-dimensional mapping. The remaining variables, including coordinates in the laboratory reference frame and the rotation angle of the sleigh are expressed in terms of the momentum variables by means of quadratures.
By numerical simulations and analytic evaluations we show that, depending on the parameters of the problem, unlimited acceleration modes are possible, as well as periodic, quasiperiodic and chaotic motions associated with attractors corresponding to bounded variations of the sleigh velocity. The two-dimensional map describing dynamics is invariant in respect to time reversal, but does not relate to the class of area-preserving maps. It manifests the presence of attractors, which correspond to the observed sustained motions, e.g., chaotic, and in the phase space they coexist with repellers, which can be revealed when tracing the dynamics in the inverse time.
Statement of the problem. -We consider a mechanical system with nonholonomic constraint, the basis of which is a platform of mass m 0 with moment of inertia J 0 (with respect to the center of mass) capable of sliding without friction along a horizontal plane ( fig. 1 ). The nonholonomic constraint is supplied at some point R restricted to move exclusively in a certain direction fixed relative to the sleigh that can be thought of as direction of the "knife-edge" attached to the platform. We confine ourselves to the case when the straight line directed along the knife-edge passes through the center of mass of the platform C. Additionally, a material point of mass m p is attached, which is forced to perform a predetermined relative oscillatory motion of period T =2 π/Ω due to some appropriate machinery installed on the platform.
To describe the motion of the construction, we define two reference frames, a laboratory one OXY and a moving one Rξη, rigidly connected to the platform. An instant position of the platform is determined by the coordinates (x, y) of the point R in the OXY coordinate system, and by the rotation angle of the vector RC relatively to the X-axis. Thus, the configuration space of the system Q = {q =( X, Y, ϕ)} corresponds to the group of plane motions SE (2) .
Let v 1 ,v 2 be projections of the velocity of the point R, measured in the laboratory reference frame, on the axes of the moving frame, and ω be an angular velocity of the platform. The kinetic energy of the entire system, namely, of the platform together with the moving point mass, which has coordinates ξ p (t),η p (t) in the reference frame Rξη,i s expressed as
Using this relation, we write down the Lagrange equations [1, 2] d dt
where λ is a Lagrange multiplier defined to ensure the imposed nonholonomic constraint condition v 2 =0. (Infact, one can simply omit the last relation since λ does not enter the remaining equations.) When writing the equations of motion, it is convenient to introduce the momentum P and the angular momentum M by the relations
Then, setting m = m 0 + m p , µ = m p /m and I 0 = J 0 /m, we represent the first two equations (2) in the forṁ
where the quantities ω and v 1 on the right-hand parts are expressed in terms of P and M algebraically, through the linear equations
To further specify the problem, suppose that the moving particle performs a sinusoidal motion orthogonal to the direction of the knife-edge nearby a point on a straight line connecting the constraint location and the center of mass of the platform, at a distance s from the knife-edge, i.e., ξ p = s, η p = ε sin Ωt. Using the dimensionless time τ =Ω t and normalized variables p = P/mΩ,q = M/mΩ, u = v 1 /Ω,w = ω/Ω, we rewrite eqs. (4) aṡ
where the dots designate now the derivatives with respect to the dimensionless time τ , and the connection formulas for the generalized velocities and momenta take the form
Note that the system (6) has an involution,
that expresses invariance of the dynamics with respect to time reversal. Suppose that some certain values p n ,q n are assigned at time instant τ =2 πn. Solving numerically the equations with these initial conditions on the time interval ∆τ =2π, we can obtain the updated values
Thus, we have defined a two-dimensional stroboscopic Poincaré map, which is convenient for the analysis of the dynamical behavior of the system and presenting the respective results. Equations (6) and the map (9), describing the evolution of two variables p, q in continuous and discrete time, respectively, determine the reduced system, which can be considered independently of the remaining variables related to the configuration space Q. The latter, namely, the coordinates of the constraint location R in the laboratory frame OXY and the rotation angle of the platform ϕ are subject to equationṡ
which complete the mathematical formulation of the problem.
Self-acceleration: analytical consideration and comparison with numerical simulation. -The analysis shows that depending on the parameters, one can observe i) motions, characterized by finite variations of the velocity and the angular momentum, or ii) an unlimited acceleration of the sleigh. Since the problem of the motion on the plane is homogeneous and isotropic, the direction of the accelerated motion in the latter case is determined exclusively by initial orientation of the sleigh. (As follows from simulations and is intuitively obvious, it roughly corresponds to the initial direction of the knife-edge.)
Let us consider an approximate analytical solution of the equations in the case of self-acceleration of the sleigh (the idea is inspired by [22] ). For the sake of convenience, it is suitable to use a variable z = q + pµε sin τ that is the dimensionless angular momentum of the system with respect to the point of the constraint location R. As follows from (6), (7), this quantity, obeys an equatioṅ
where
and for brevity, the following notation for combinations of constant parameters is introduced:
Suppose for a while that the amplitude of the oscillations of the moving particle is small and neglect the term ε 2 in the denominator in (12) . In addition, we assume that the value p is large and almost constant during the oscillation period of the moving mass ∆τ =2π. Then, for eq. (10), which takes the formż = pJ −1 D(−z +µsε cos τ ), assuming the coefficient pJ −1 D is constant and positive, we can write down the solution
(An additional term of the form z ∼ e −pDτ /J ,w h i c h would correspond to the contribution of a general solution of the homogeneous linear equation with initial conditions, may be ignored because the coefficient pD/J is assumed to be large.) From formula (12) , under the assumptions made, we obtain
Now we substitute the expression for w in the equation for p and perform the averaging over the oscillation time period, which is denoted by the bar:
Obviously, we have
so that (16) can be rewritten asṗp
The above manipulations are legitimate provided and the increase of the momentum in time, as seen from (18), takes place under the condition
At large momentum, the first term on the left-hand side of eq. (18) dominates, so that the asymptotic growth of p, as well as the velocity of the sleigh in the direction of the knife-edge u, follows the power law t 1/3 . Note that the unlimited acceleration of the sleigh will occur even with arbitrarily small mass of the oscillating particle, although, of course, it becomes slower as it decreases. Figure 2 shows regions in the parameter plane (s, µ), where the unlimited acceleration is observed in numerical simulations for the sleigh model (6) while the remaining parameters are I 0 =1 ,a =1 ,ε =0 .2. Within accuracy of the calculations, they are indistinguishable from those determined by the inequalities (19) , (20) . Figure 3 illustrates the verification of the relation (18) , according to which the combination (6) with initial conditions p =0,q = 0 for respective values of s and µ, and the dots are plotted as obtained from (18) .
Let us discuss the arrangement of the phase space of the system. Without the moving internal mass, the dynamics of the Chaplygin sleigh in continuous time, as known [3, 19, 22] , generate a family of orbits of elliptic form on the (p, q)-plane, which arrive asymptotically in time to (6), and the dots are obtained from (18) . a set of fixed points located on the positive semi-axis p ( fig. 4(a) ).
For the sleigh with vibrating internal mass, the initial parts of the trajectories in the projection onto the (p, q)-plane are similar to those shown in diagram (a), but when approaching the positive semi-axis p they do not stop and behave in a different manner (see panels (b), (c)).
In the region of acceleration, the representative points in the (p, q)-plane approaching the positive semi-axis p gradually move along this axis further and further, that is accompanied by transversal oscillations ( fig. 4(b) ). Increase of the speed continues unlimitedly, following the power law u ∝ t 1/3 . In regions of bounded dynamics as the trajectories approach the positive semi-axis p, they begin to go back in the direction opposite to the previous case, towards the origin, performing transversal oscillations ( fig. 4(c) ), so they do not leave the bounded region of the generalized momenta.
Coexistence of regular and chaotic regimes at large amplitudes of oscillations of the internal mass. -Let us turn now to discussion of the phase portraits on the plane (p, q) obtained from numerical iterations of the two-dimensional map (9) , concentrating the attention on the parameter regions of bounded dynamics.
In the absence of the oscillating internal mass (µ =0 ) , the same situation as in fig. 4 (a) takes place, with the only difference that interpreted in terms of the stroboscopic map, the representative points do not travel along the continuous trajectories, but make jumps along the curves drawn in the diagram. As the amplitude of the oscillations of the vibrating mass increases, the dynamics become more complicated as seen from the illustrations in fig. 5 .
As the amplitude parameter grows, the transformation of the situation corresponding to fig. 4 (a) leads to such a picture that the region on the phase plane occupied by the closed invariant curves (arisen with the initial conditions in certain domains) is surrounded by a region of chaotic motions ( fig. 5(a) ). The closed invariant curves correspond to quasi-conservative dynamics; indeed, the calculation of the Lyapunov exponents by standard methods [23] [24] [25] gives for the stroboscopic map (9) two values equal to zero (within numerical errors). On the other hand, trajectories located in the chaotic region have Lyapunov exponents, one of which appears to be positive, and the second is negative, exceeding the first one in absolute value. Therefore, despite a visual similarity with "chaotic seas" of conservative mappings [26, 27] or those for a nonholonomic model with conservation of energy suggested in [19] (a system with switchable position of the constraint), in our case it is natural to interpret the observed chaos as associated with a strange attractor, rather than with quasi-conservative dynamics. As the amplitude parameter grows, the relative sizes of the regions of regular quasi-conservative dynamics decrease ( fig. 5(b), (c) ). Figure 6 (a) shows a chaotic attractor that occurs at a sufficiently large value of the amplitude parameter ε, while the regions occupied by the invariant curves have disappeared completely, as far as it can be judged from the visualization of the phase plane picture. This attractive set coexists actually with a repeller, see fig. 6(b) ; the last can be obtained by transformation of the attractor with the involution (8) . (This is a characteristic feature for invariant sets occurring in the context of nonholonomic mechanics [28] [29] [30] [31] [32] .) The attractor and the repeller are shown on the (p, q)-plane, where white and gray backgrounds indicate regions, where the map (9) compresses or stretches the area element ∆p∆q in one iteration. It can be seen that the points representing the attractor are located, for the most part, in the compression region, and those of the repeller tend more to the stretching region.
Chaotic dynamics on the attractor of the reduced system gives rise to an isotropic random-like walk of the sleigh of diffusion type in the laboratory frame, see fig. 7 . Figure 7 (a) shows how the sleigh trajectory looks like. Visualization is performed basing on numerical integration of eqs. (6), (10) for the sleigh (more concretely, for the nonholonomic constraint point R) launched from the origin X =0 ,Y = 0, with zero initial angle ϕ, zero momentum p and zero angular momentum q,t r a c k i n g the motion up to a distance of the sleigh from the origin greater than a specified value (r max = 2000). Further, the computations continue with the current ϕ, p,a n dq, but with a launch again from the origin. Thus, we deal with a family of fragments of one and the same trajectory, which in the reduced equations corresponds to an orbit tending to the chaotic attractor of fig. 6(a) . As one can judge, the observed motion is a two-dimensional random walk without a preferred direction (with memory lost of the initial orientation for large time scales). In this case, the distribution of the distances from start to finish reached at a fixed number of periods of oscillations of the internal mass N (the number of iterations of the Poincaré map) has to tend asymptotically to the Rayleigh distribution, while the azimuthal angles tend to be uniformly distributed in the interval [0, 2π) (see, e.g., [33] [34] [35] ). 4 , each of which is a fragment of the mentioned reference trajectory. Dots in fig. 7 (b) correspond to the Rayleigh distribution F (r)=1− exp(−r 2 /2σ 2 ), where 2σ 2 is a sum of the variances for x (k+1)N − x kN and y (k+1)N − y kN estimated from the same sample data; in the present case we have σ 2 ≈ 1.03 · 10 5 . Using the known relation from the theory of two-dimensional random walks [32] [33] [34] , one can estimate the diffusion coefficient as the ratio of this quantity to the corresponding double time interval: D = σ 2 /4πN ≈ 54.6.
Conclusion. -The problem of the Chaplygin sleigh m o v i n go nt h ep l a n ei sc o n s i d e r e di nt h ec a s eo fp e r iodic displacement of the attached internal point mass.
Equations describing the dynamics of the corresponding nonholonomic model are formulated and analyzed. Depending on the parameters either unlimited acceleration modes may occur, or motions with bounded variations in velocity and angular momentum, which correspond to quasi-conservative regular behavior or to chaotic attractors in the phase space of the system. Occurrence of chaotic attractors in the Chaplygin sleigh with oscillating internal mass opens interesting prospects for using chaos control techniques [36] [37] [38] to manage motions in the desired directions by small changes in the characteristics of the vibrating mass.
